4 Limits

bt Limits  of  Fanctions

Defnttion :

et AcR . A point ceR s a cluster Foirr(: c{f A jz

-for every S>0, there exists at least one point_xeAnic sudh that  Ix-cl< §
(Y3 >0)3axeA\{cd)(Ux-cl<8)

Rewrtbe. in ancther Wy
"Deﬁne Ng@ =Cc-§,c+8)
c is a cluster ‘Po'm'b of A lf (N 8>0) (Vs 0 ANl £ )

E<AM]>(€S
) lf A=(o.0) , then any ‘Foivr('. in Toal s a cluster ‘Pomﬁ ujz A
2) lf A Isa-ﬁn?be subset ofTR, then A has no cluster -Po‘nwl-_.

Exercises :
) lfhrt-,!-\'-neﬂ\l} , does A l'\aveawac(vs(:er 'Fo\wﬁs'?
) Find the set cif cluster 'Foiv&s cf Q.

_MDV'EW\ t
ceR is a cluster Fo‘wr(: cf AcR «f and onl‘a tf there exists a Ssequence. fad in A\{c}
Such taat J\kﬂwan=c.

‘Fmo:f: (BExercise)

‘\'Defin'rﬁiom “ s (lamrk cf a :f\w\cﬁlon)
LeR 1s said to be a lmt offa:tc }fwkev\—xis 3eH:Jw3 closer and doser 4= <,
bt NST ec(md +o ¢ ,-jco s 32&\»«3 closer and doser +o L.

|f L s a limt cf f at c, we dencte Tt \ua k@c‘fw’L'

Note :

1D Limre cf afw\cﬁlov\ ot a'Fo‘:wl: must be a veal number.
2) We do NOT care howf Lebwesat-(:l/\e?omt c.



Exmerles:
o If A=0
D Let -feoe{
_‘)‘a ‘f X#O
lim 0 does NOT exist.

A0

(o s NST a veal number . atdhouah Some may  write  lim fon = oo )
R g 4 i 5
2) Let fﬁxh{
(o) rf xX#0
Iim )=0.

A0

(-f(oh [_does NoT Fla% o.v“a, yole [)

befm-raow

Let AsR and let c be a cluster point of A . For f=A—>1R,Le1R s to be a limit of
§otcf

fbr all £>0 , there eists $>0 such that lf xeh and o<lx-cl<§ , then lf(x)-Ll<£
(Ve»o)a&>o)(¥xeNgwn A\{cl)(l-fm-l_ka)

Geometrical mep.vﬁvs :

Remarks :

D K A-fo,d . AR,
then we canst define [ Fu as o is NST a cluster powt of A.

2) When we say L Feo , the domain of T s assumed 4o be the madmum  domain
that f can be defiv\eﬂ.



Theorem : (Unigueness o)e limrts )

Let f-’A-‘*'IR and let c be a dustex-Pcivrt cf A
[ lim $e0 = L and lim oo = L', then L<L”.

Procf

Suppose.lim Feo = L and Jim feo =L .

Given £>0, Hrere edists 8,,8,>0 such Haaxk
lffso-LR% —for all xeA with o<kx-cl<S$,
IFoo-Ll<E for all xeh with o<h-cl<8

Take S=mniS . 8350 .

Since ¢ & a cluster -F&wb of A, Aoge s V\OV\eMFb(é.
Pick eV . we have
|L-|_'l=lL-f(-=®+f(x.)-L"

s l-f(x.)-L( +l-feu,)-l_’l (853,88 > [%-cl<S,.8)

£ .=
A A

=g

Since & can be arb’rb-nﬁ% small , L-L"=0 1e L-=L’.

Exercises :
Let b.ceR. Prove that

a) lim x-=c
*SC

b) lm b-b

ASC

N k% 2
Q) lim =
ASC

Remember lhow we comince owselves (and students ) Haat Jci-'a“; x+3 =5 .

%=l %=099 %0999 ... wa>2
Fow= 49 Fod= 497 Fo=491 - Fod-s
OR . 7§!§n=.‘1+'5=5 ‘
el
% =20 %y =2.0l %y =2.00l s An=32  m An=cC
W\=Sc0
relation
fao:s.l feo:s.on f(x;):‘s.ool )»S%J\igwf(xn)J_ <> Einc—f(xkl_

Question : What is the velation bebuocen lim xn=c , lim f(x.o=L and  lim -f(x)=L 2
4% N>R A-SC




Theovem : CSec‘uewtial critevion )
Let §:A—=R and let c be a cluster poist of A. lm feo-L .ji and ov\ltalj
For every Sequence G AN Hat Converges to ¢, we have [m Feuw=L .
procf
"' Qiven €30, there exists £&)>0 such that

Ifeo-Lise For all xeh with o<lx-cl<&w@

Sucﬂx:se =t € AN} Hhat Converpes +o c,
tere edasts ke eN  such that :for n2 K@) , o<lxa-cl<8&@
" If(’x..)- Ll<e “fw al =z k(Se) 1 L XagC

i e oL

‘<" Rove by contradiction ,  Suppose Jim Kool
(3 €>0)V 850)(T x e Vg n AN ) ( (—feo-l_\ 2€.)
ln particuar , consider 8= For neM.,
there adsts xweVp@ n A such Haat e -LI= 2
. We. obstain a Sequence %3 that converges +to c
bk Hex} does NST converge o L (Conbradiction 1)

Theorem :("Diveraey\ce critevia )
Let f’Ps—’TR ad let ¢ be a cluster 'Foivv‘: of A.
a) ’Einc‘ftx)#l_ © There exsts fxd s AMlel such that lim xa=c but Jim _Fex # L
b) il_v)nc ‘ftx) does NOT exist « There exsts  fxal € ANlel  such that v!i_n;nwxn=c
but J\l_v:\“f(m does NOT exist

B<evcise :

Prove. that

a) Jtl_v;\a sin(d) does NOT exdist. ' 'f ~<>0
b) _’(zga-f(-x.) does NOT exist where ‘be)- o .f <=0

=1 'lf xX<O



42 [t Theorem
'Defini'b'«on:
Let AsR ,:f=A—~R and ceR be a cluster Poiw(-, cf A. We say f is bouwded on a

neigh\oorhood of ¢ 1f there exists a S-v\eigl«borkood V@ cf c and a constast M>o
such that lf&)l<M fw‘ all % e AnVg

Theorem :

let AsR ., f:A—=R ,ceR be a cluster point af A and [im feo =L,
then § s bounded on neighborhood cff c.
Pt
Choose 2=t ,
there exists $>0 sudh that
Beo-Ll<e =1 VxeAvd nVgo
e L-l<fe<l=+l
= ool < [Ll+1

Take M = max [fcc) ul+d (# :)?@ is_defined)

or L1+t ('rj2 —)?(cs s NST clejeimecl)
9 .
» (e e 3=




“Theovem : (Pslgebm’lc ‘FquerEces)

Let AsR ,sz—»‘R and ceR be a cluster Poivr(: of A.
I-f ﬁrcfw =L and a!.i-':‘cﬂ(") =M, then

W ﬁ-’i‘ef""*ﬂ‘” =L+M

@) ii_u:\cfcao geo = LM

3) |f 6&),‘0 for all xeP and M40, then -:‘c'—““c%%=%

procf o oo

Since _li_v)v\cfeo=L , there exists §>0 and @3>0 such -tk lfwl<& for all_xeAnVg©@

Given €>0 , Hrere exists 87, 8">0 such that

- _& . - _E .
|f(73 L|<D.|Hl for all xeAx{c} n Vg« and lﬂ(vr) Ml< S for all xeA\{C](\Vs,Cc)

Take S=min{8. 85"} >0 . then j?ov- all xeAicinVgo , we have

|fbr.)ﬂeo—LH|
= lfeoﬁeo-wa +feoM-LM|
s feol |360-Ml+ Ifeo-l_l (Ml

& 4 _E .
<Q 36 Tami -l

£
2
€

<
+=

Exercise :
Prove that f P s a ‘Polgnomia( .then lim Peo =P .
*TS>C

—I-L\eomm'
Let ASR ,:f:A—»R and ceR be a cluster Foiw(: of A.

lf asf(:csb fov- all xeA\{cs3 and _Jigxcfbo exists , then as-!ci!’ncfeosb.
"Fvbcf: (EXQ\"C‘SE)



“Theorem : (Sandwich Theorem )

Let AsR ,f.3,h=A—>R and ceR be a cluster point of A.

lf f&)sﬁ(x)sl’\bc) for all xeA\{c} and ’lni!‘v\cfeo=|_=v|cigc l'\(ao, then ’li_»;\cﬂeo=L.
pro

Given £>0 , Hrere exsts 8,8 >0 such Hat

|f(1)-L|<i. fav- al xeA{InVgw and  lhea-Ll<e fov- all_xeAr{c) 0Ny
Take S=min{s.8"} . then fw all xeA{c nVg@ , we have
-£<-feo-L<3eo-L< heo-L< ¢

" |360—L|<£ and so i_%geo-L.

4.3 PExtension cj tre Limit Cov\ceF(:

Defirition -

Let AsR . $:A—R and ceR be a cluster point of A.

We say that f tends to +oo (-o0) \f every MeR ,there exists S$>0 such that
fcr all xeh with ox<lx-cl<§ , we have fsz (fbosM).

We denste 1t 58 lim o0 = 400 (00

Remark :
Pﬂa’m ,+o00 (-0) & Jus(: a._ covvention , but NoST saainj Hrat  lime cf f ak ¢ exists !

Exercise.
Let A-Rafol . $:A—R defired by feoods
Show that o is a duster 'Foiw{: cf A and ﬁgofa>=+w.

Not Sw'Fﬁsinﬂ q:nm :
Theorem -

et AR, f,3=H—»1R . ceR be a cluster point of A
Sucﬁwse +that fwsﬂw -jor all xeA\{c} .
@ lim §60=+oo = lim geod=os.

~-SC ~->C

) lim fem-oo = lim feo--eo .
~-SC ~=SC

'quf . (Bxercise)



Exercises
1) Write down the Y\eja'(ﬁon of the above definttion .
2) Let FRUAR defined by FroaLsink

a) Show that § is unbounded.

by Is it brue that lim Feostoo or -0 Ly

.Deflvfrbimz

Let AR and let f:A—»‘R ) SMFFuse that (a.+0) s A -fw- Some. acR .
Uescua-(:hat LeR is a limit cff as A—>+co «f

for all £>0 ,there exists K>a such that j’orall x2K , we have l-foo-L|<€.
We dencte b% J‘ln“-fw=L.

Exercises -

D Write down a deﬁnﬂﬁon of x!l\:n“‘feo=L.
2) Rowve the wﬁzuenas and aBebmic 'FrdFer(:!es cf +the limit.



